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Abstract. Given a > — 1, consider the second order differential oper- 
ator in (0, oo) 

L a f = (x 2 -^ + (2a + 2)x ^ + x 2 + (a + l) 2 ) (/), 

which appears in the theory of Bessel functions. The purpose of this 
paper is to develop the corresponding harmonic analysis taking L a as 
the analogue to the classical Laplacian. Namely we study the bounded- 
ness properties of the heat and Poisson semigroups. These boundedness 
properties allow us to obtain some convergence results that can be used 
to solve the Cauchy problem for the corresponding heat and Poisson 
equations. 



Given a > —1, we shall consider the second order operator on functions 
defined on (0, oo) 

L a f = (x 2 -^ + (2a + 3)x^- + x 2 + (a + I) 2 ) (/). 



dx 2 dx 

This operator appears in the theory of Bessel functions (see ^0])- It is 
selfadjoint with respect to the measure d(i. a (x) = x 2a+1 dx. It is well known 
that the functions 



fi(x) = y / 2(a~+2^+T)J a+2n+1 (x)x- a - 1 , n = 0,1,2,... 

where J u stands for the Bessel function of the first kind of order are 
eigenfunctions of the operator L a . In fact 

« = (Q + 2n + l) 2 j°, n = 0,l,... 
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see |1U1 §5.73, p. 158]. By using some classical formulas for the Bessel 
functions J u , it is easy to check that {jn}^ = Q is an orthonormal system in 
L 2 ((0,oo),dfi a ) (L 2 (dfi a ) from now on). 

Consider the so-called modified Hankel transform H a , that is 

(1) H a f(x) = J^^-f(y)y 2 ^dy, x > 0. 

Since it is known that H a j% is supported on [0, 1], and H a is an isometry on 
L 2 (dfi a ), this system {j"}^L * s n °t complete in L 2 (dfi a ). On the other hand 
the subspace -62,0 = span{j^}^L (closure in L 2 (dfi a )) can be identified 
with the space {/ G L 2 (dfi a ) : M a f = /} = M a (L 2 (dn a )), where M a is the 
multiplier defined by H a (M a f) = X[o,i]H a f] see 03 EH- 

Along this paper we shall consider the operator L a as a positive selfadjoint 
operator defined in the Hilbert space -62,0 ■ Then, its heat and Poisson 
semigroups Wt = e~ tLa and Pt = e~ tv ^" can be defined in a spectral way 
as 

00 

W t f = J2e- t(a+2n+1)2 Cnj%, 

n=0 

oo 

n=0 

for / £ £>2,« given by / = Y^=o c nJn- Using the ideas in jS] we could also 
define the Poisson semigroup Pt by the following subordination formula: 

P t f(x) = -= / te- t2 ' As W s f(x)s-V 2 ds, 
V ^vr Jo 

which can be derived from the well known identity 

1 z* 00 

e-Vr = _L / te -tV(4s) e -sy s - 3 /2 dg _ 

Analogously the formula s~ x = f °° t x ~ 1 e~ ts dt suggests the definition 
of the Riesz potentials either as 

1 f'°° 

(2) L- X f(x) = — / t x ~ 1 W t f(x)dt, 
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or 



The operators considered above, Wt, Pt, and L~ , are clearly bounded in 
i?2,a- A natural question is to analyse the boundedness of these operators in 
the spaces B PtDl , 1 < p < oo, defined as the closure in L p (dfi a ) of the space 
span{j"}^l . The first requirement is that j" E L p (<i/i Q ) for every n. By 
using well known estimates for the Bessel functions (see @ and ©), this 
implies p > max{l, }■ Moreover, if the Fourier coefficients c"(/) must 

exist for every / G L p (d[i a ), this requires E LP' (d^i a ) for every n, where 
1/p + 1/p' = 1. This is equivalent to p < if a > —1/2, and p < 00, 

when —1 < a < —1/2. This observation leads us to restrict our study to 
the space B P:Ct with p G (pQ(a),pi(a)) where 



As in many other cases in the literature, technical reasons make convenient 
the change of parameter r = e . With a small abuse of notation, we 
still use the notation P r and W r for the corresponding Poisson and heat 
semigroups. We prove, see Theorems El and |3 that the operators P r and 
W r are uniformly bounded in L p (d/x Q ), for p E (j>o(a),pi(a)). As usual, the 
uniform boundedness produce the corresponding mean convergence results, 
see Theorem I1J Surprisingly, in this case the mean convergence allows us 
to prove the almost everywhere convergence, see Theorem |SJ This is due 
to the decay of the involved kernels. We should mention that in the case 
a > —1/2 the space B PtOC was characterized as M a (L p (dfi a )), then some 
special results can be derived in this situation, see Theorems El and [3 As 
a byproduct of the proof of Theorem we find for every (t, x) G (0, 00) x 






and 
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(0, oo) an expression for the function Wtf(x), when / S B PtCe . In Theorem|S] 
we prove that this function is infinitely differentiable with respect to both 
variables t and x, and that it satisfies the heat equation ( + L a ) Wff(x) = 
0. The already mentioned convergence results give some solution for the 
corresponding Cauchy problem. Some applications to fractional integrals 
and potential spaces are also considered in the last section of the paper. 

One could say that the spirit of this paper is nothing but developing a 
harmonic analysis associated to a second order differential operator in a 
parallel way to the classical Laplacian. This idea has the names of Mucken- 
hoput |5_ and Stein [7j as pioneer authors. In the last decade there was a big 
flourishing in this area and a relatively large number of papers appeared, 
see HU]. 

1. Technical results 



The Bessel functions satisfy the asymptotic formulas (see, for instance, |10| 
Ch. Ill, 3.1 (8), p. 40] and QE| Ch. VII, 7.21 (1), p. 199]) 



(4) 



Jv{x) 



2 v T{v + 1) 



+ 0(^+ 2 ), 



(5) Ju(x) 



2 

TTX 



1/2 



W 1, 
COS I X 7 1+ (J(x 



-1\ 



x — » oo. 



2 4 

We shall also use the following estimates that can be found in j2 



(6) 



\Ju(x)\ < Cx-^Ulx-ul + u 1 / 3 



-1/4 



, x G (0, oo), 



where C is a positive constant independent of v. 



Lemma 1. Let a > — 1 and po(a) < p < oo. Then, {j"}^L — L p (dfi c 
and 



f n -(a+l)+2{a+i)/ P 



In \\Lv(dno,) 



< C < 



n 



-(o+l)/2 



(log n 



,1/4 



ifp < 4, 
ifp = 4, 



kn -(5/6+a)+(6a+4)/(3p) 5 j/p > 4. 
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Proof. The assertion j° G L p (d[i a ) for every n = 0, 1, 2, . . . follows from @ 
and ©. Then, estimates (jHJ) above show that ||j"llLP(d/i a ) i s bounded above 
by a constant times the right hand side. For a similar expression, see |5]. □ 

Lemma 2. Let a > —1 and p with po(a) < p < p\{a). Then, for any 
f G L p (dfi a ) the Fourier series c n(f)jn ( x ) converges absolutely for 

every x G (0,oo). (Note that we do not assert that this convergence is to 
f{x), not even almost everywhere.) 

Proof. Recall that 

(7) C(f)= / f(yK(y)y 2a+1 dy. 

Jo 

It follows from Lemma^that j" G L p> (dfi a ); moreover, \\ L p'r dlx \ < Cn s 
for some constant 5 = 5(p,a). Thus, by Holder's inequality, 

K(/)| < 11/11^(^)11^11^^) < C\\f\\ LP{d ^ a) n s . 
Now, according to QUI Ch. Ill, 3.31 (1), p. 49] we have 



1^1^' U> ~ 1/2 - 



Therefore, 



\ft{x)\ = v / 2(a + 2n + l)|J a+2n+1 i 



x)\x 



-a-l 



, V 2 (« + 2n + 1) 2-( a+2n + 1 ) 2 ; 2n 



so that 

(8) \C(fK(x)\ < c\\f\\ LP{dlla) 



T(a + 2n + 2) 

n 5+1 / 2 {x/2) 2n 



T(a + 2n + 2) 

and the series Yl^Lo c n(f)jn ( x ) converges absolutely. □ 

Lemma 3. Let a > — 1, po(a) < p < pi(a), and {fJ. n }%Lo a sequence 
of positive numbers such that, for some positive constant c, fi n > cn for 
every n. Then, for any f G L p {d^i a ) the series Y^=o r ^ nc n{f)jn{ x ) ^ s 
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infinitely differentiable with respect to both variables x E (0, oo) and r E 
(0,1). 



Proof. For every z E (0, +oo) and every s E (0, 1), we can apply the argu- 
ments in the proof of Lemma [21 an d get 



uniformly for x E (0,2), r E (0, s). The series S^Lo ^n^™ -1 U rJ+2n+2) is 



easily seen to be convergent, so that, by the dominated convergence theorem, 
the series YlnLo r ^ nc n(f)jn ( x ) 1S differentiable with respect to r, its deriva- 
tive is the term-by-term differentiated series Yl^Lo f J, nf lln ~ 1 c^(f)j"(x) , and 
this is a continuous function. 

In order to prove the result for the first derivative with respect to x 
we observe that, due to the definition of the functions it is enough 
to prove that the series X^^Lo rM " c n(f) y2(2n + a + 1) J2 n +a+i{x) can be 
differentiated term by term. For this purpose we recall the formula 2J' v (z) = 
Ju-i(z) — J u +i(z), then again we can apply the arguments in the proof of 
the last lemma. The derivatives of higher order are handled in the same 
way. □ 

2. BOUNDEDNESS OF THE HEAT AND POISSON SEMIGROUPS 

Let us introduce some notation. Given a sequence {a n }, we will denote 
Aa n = a n — a n -\. Assume that the series Yl^=o a nb n and Yl^=o a n+ib n are 
convergent and 6_i = 0, then it is easy to check that 



2/i 



oo 



oo 



(9) 




n=0 



n=0 



Given a function / we shall denote by S%f(x) its Fourier series 



n 



k=0 
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where c?(/) are defined in (J7J). We shall also consider the Cesaro means of 
order one, defined as 

/-, n \ r<a f — of + • • • + S"f 

(10) C n f- — . 

We shall use the following result whose proof can be found in ^3 : 
Theorem 1. Let a > —1 and po(a) < p < p\(a). Then, 

\\Cnf\\Lv(dfi a ) < C||/IIlp(^ q ) 

with a constant C independent of n. 

Remark. Actually, the Cesaro means are not directly studied in [3]. Instead, 
a different summation method 

R aj _ PO S of j 1" PnSnf 

P0 H 1" Pn 

(with = 2(a + 2k + 2)) is used. But, as established in that paper, this 
method is equivalent to the given by the Cesaro means of order one, so the 
uniform boundedness of is equivalent to the uniform boundedness of C°. 

Proposition 1. Let a > — 1 and {^ n }^L be a sequence of positive numbers 
such that, for some positive constant c, [i n > cn for every n. Given a 
function f E L p {d(j. a ) with po{a) < p < pi(a), we shall consider the series 

oo 

V r f{x)=Y,r^C(f)j«{x), 0<r<l. 

n=0 

Then for each r, < r < 1, the series is absolutely convergent and we have 
Vrf(x) = ^(AV"+ 2 )(n + l)C%f(x). 

n=0 

Proof. By Lemma Y^^=o \ c n(f)jn ( x )l converges for every x £ (0, oo), so 
their partial sums are bounded. Then, it is clear that there exists some 
positive number t(x) such that \S"f(x)\ < t(x) Vn. As a consequence, 

oo oo 

X>" n |Sn/(z)l <t(x)^r cn <oo 

ra=0 n=0 
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for every x E (0, oo) and every r G (0,1), and the same happens with 

T,n=o rfl " +1 \ S nf(x)\- Thus, we can apply © and get 

oo oo 

V r f{x) = ^2r^C(f)j%(x) = Y j r^{S«f{x) - S°_ x f{x)) 

n=0 n=0 

oo 

n=0 

Let us show now that 

oo oo 

(11) ^Ar' i "+ 1 (n + 1)00*0 and &r^ +1 nC%_ x f {x) 

n=0 n=0 

are convergent series. We have already seen that \S%f(x)\ < t(x) Vn. Con- 



sequently, also \C%f(x)\ < t(x) Vn. Since [i n > cn, we have 

|^ r Mn + l| < r Mn + l _|_ r ^n < ^(n+l) _|_ _ / C _|_ ]\ r Cn_ 

With this, 

oo oo 

|Ar^ +1 |(n + l)|C£/(a;)| < + r c ) rC "( n + !)> 

n=0 ra=0 

which is convergent for every x S (0, oo) and every r £ (0, 1). The second 
series in (fTTjl can be analyzed analogously. Hence as S%f = (n + l)C°f — 
nC"_ x f, © can be used and we have 

oo 

Vrfix) = ~ J2 Ar ^ +1 (( n + l ) C n f( X ) ~ nC n-lf(x)) 
n=0 

oo 

= -^A r ^+iA((n + l)C%f(x)) 

n=0 
oo 

= ^(AW)(n + l)C:/(4 □ 

n=0 

Theorem 2. Lei a > — 1 and po( Q ) < P < £>i(aO- For each function 
f G L p (dfj, a ) and for each r , < r < 1, i/te function 

oo 

P r /(x) = ^r«+ 2 ™ +1 c«(/)j«(x) 

n=0 

is weZZ defined. Moreover there exists a constant C, independent of f and r, 



such that 

'\Prf\\LP(d^ a ) < Cr a+1 \\j\\ LP{dlla) . 
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Proof. We apply Proposition ^ with \i n = a + 2n + 1, then A 2 r^ n + 2 = 
r Mn( r 2 _ 1)2 > o. Hence by using Theorem ^ we get 



\PrfhHd» a ) = |f>W»)(n + l)C£/ 



n=0 

oo 



LP(dfi a ) 

<J2(A\^)(n + l)\\C%f\\ LP{dfla) 



n=0 

oo 



<c£(AV»+')(n + 1)11/11^(4^,) 

n=0 



\LP(dHa)> 

because 

oo oo oo 

^(AV"+ 2 )(re + 1) = -^Ar^ +1 A(n + l) = - V Ar M ™ +1 = r w . □ 
n=0 n=0 n=0 

In the case of the heat semigroup W r f we must apply more delicate 
arguments. The reason is that for any fixed r the coefficients A 2 r^ n + 2 take 
both signs. 

Theorem 3. Let a > — 1 and po(a) < p < pi(a). For each function 
f £ L p (d/j, a ) and for each r, < r < 1, the function 



Wrf(x) = j2r {a+2n+1)2 c(fm(x) 



n=0 

is well defined. Moreover there exists a constant C, independent of f and r, 
such that 

\\Wrf\\ L P(dti a ) < C\\f\\ LP ( dfla y 

Proof. We can assume that 1/2 < r < 1, for the case < r < 1/2 can be 
easily handled with the arguments of Lemma |2j Now, it is easy to see that 



jr ( A V™+ 2 ) (n + 1) = r^ N + l - (N + 1) Ar /Xjv + 1 , 
ZV-1 

^ (AV"+ 2 )(n + 1) = r w - r^ +1 + (iV + l)Ar w+1 



n=0 
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for any positive integer N. Let us investigate the sign of A r^ n+2 . We have 
\i n = (a + 2n + l) 2 , so that 

^\2 r /j, n+ 2 _ r IMi ( r tMi+2— _ 2 r M"+l~/ i i -|- 1) = r Mn|| r 8 s 2 _ 2 S _|_ \\ 

with s = r i ( a + 2n + 2 ) . Therefore 

A 2 r M„+2 = o <^ s = 1 

1 + Vl - r 8 

(the other solution does not belong to the interval (0, 1)), that is, 

4(a + 2n + 2) = lQg(1 + / Y ^ ) ~ (1 - r)" 1 / 2 . 
— logr 

Here, a(r) ~ 6(r) means Ci < a{r)/b{r) < C2 for some positive constants 

Ci, C2 independent of r £ (1/2,1). This proves that there exists some 

N(r) ~ (1 - r) -1 / 2 such that 

A 2 r „ n +2 f< 0, when n<iV(r), 
I > 0, when n > N(r). 

By Proposition Q the series that defines W r f(x) is absolutely convergent 
and moreover we have 



00 



\W r f\\LP(d» a ) = |p(A 2 r^)(n + l)C n a / 

n=0 
iV(r)-l 

< £ (-A 2 r^)(n + l)\\C:f\\ LP{dlMa) 



n=0 



+ ^ (A 2 r^)(n+l)||Q/|| LP(dMQ) 

n=N(r) 

N(r)-1 

<C £ (-AW)(n+ 1)11/1^) 



ra=0 



+ C £ (AV^)(n + l)||/|| LP(dMQ) 

n=7V(r) 

C(-r^ + 2r^«+i - 2(N(r) + l)Ar^M+i)||/|| iP(dMa) . 



Finally, the estimate N(r) ~ (1 — r) 1//2 gives 

MiV(r)+i - MiV(r) = 4(a + 2iV(r) + 2) ~ (1 



r 



-1/2 



(logr)(^Ar (r ) - MiV(r)+l) ~ (1 ~ ^) 1/2 , 



HEAT AND POISSON SEMIGROUPS FOR FOURIER-NEUMANN EXPANSIONS 11 

_^ r MiV(r)+l — j-MiV(r)+l ^A*JV(r) — MiV(r)+l _ ^ ^ — 7*) 1 / 2 , 

and 

_ r Mo + 2r Miv(r)+i _ 2(iV(r) + l)Ar Mjv ('')+ 1 < C. □ 

Remark. The definition of the Poisson and heat semigroup as a series, like in 
Theorems [21 and 01 is not always possible when other orthogonal systems are 
used. For instance, in a analogous study for Hermite and Laguerre expan- 
sions, the corresponding series can be divergent, although the Poisson and 
heat semigroups can be defined with an appropriate kernel; see [3J Lemmas 2 
and 4]. 

Note that Theorem |3] and the subordination formula give 

\\Prf\\LP{dft a ) < C||/IUp(d/i a )) 

if a > —1, po(a) < p < pi(a), f £ L p (dfi a ) and < r < 1. This result is 
weaker than Theorem 2 and it is insufficient to obtain the boundedness of 
the fractional integral as in Theorem ED below. 

3. Mean and almost everywhere convergence 

Theorem 4. Let a > — 1 and po{a) < p < p\{a). Then P r f — ► / and 
W r f — > / in the LP{diJL a )-norm when r — > 1~ for every f G B Pt0c . 

Proof. Let V r f denote either P r f or W r f. Let us recall that, as po(a) < p < 
Pi(a), then j" £ L p (dfj, a ), for every n = 0,1,2, ... . Then, it is clear that 

\\V r j% -^Hlp(^) = (1 - r^)\\ti\\ LP[dtla) - 
when r — > 1~. From this, it follows that 

\\V r g - g\\Lp{d^ a ) -> 0, 
when r — ► 1~, for every g £ span{j"}^L . 
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Now, let / G B Pi a and e > 0. We choose <? G span{j"}^L such that 
11/ - 0||iP(d^) < £• Then, we have 

UK/ -/II 

< ||K-(/ - g)\\LP(dfj, a ) + IIK-5 - g\\LP(dnc,) + 11/ - g\\fp{dii a ) 

< (C + l)e + UKflf - sIIlp^)- 
As ||V^g — g\\ij>{dn a ) ~~ ^ when r — ► 1~, we conclude the proof. □ 

It is known, see [S], that in the case a > —1/2, po(«) < P < Pi(ot), the 
space -B PjQ , coincides with the space 

(12) {/ G L p (dfi a ) : M a f = f} = M a (L p (dfi a )), 

where M a is the multiplier of [0, 1] for the so-called modified Hankel trans- 
form of order a. 

As a consequence, we have the following result: 

Theorem 5. Let a > —1/2 and po(a) < p < p\{a). Then, P r f — > M a f 
and W r f — ► M a f in the L p (dfi a )-norm when r — > 1~ /or every f G L p (d[i a ). 

Proof. The multiplier M Q satisfies M a (M a f) = M a (f), so M a / belongs to 
the set defined in (|T2*)l for every / G L p (d(i a ) (see [§] for details). Another 
important property of M a is 

/'OO /"OO 

/ M a f(y)g(y)dfj, a (y) = / M a g(y)f(y)d f i a (y) 
Jo Jo 

for / G L p (dfi a ) and g G L p ' (dfi a ). In particular, 

/'OO /"OO 

C(M a f)= {M a f)j%dii a = {M a j«)fd^ a 
Jo Jo 

/•oo 

= / fj%d t l a = C%(f). 

Jo 

Then, P r / = P r (M a f) and W r / = W r (M a /), so the proof follows by ap- 
plying Theorem 0] to M a f. □ 
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Now we shall deal with the pointwise convergence of the heat and Poisson 
semigroups. First we state a proposition which is parallel to Proposition ^ 



Proposition 2. Let a > — 1, po(a) < p < pi(a) and {/u n }^lQ be a sequence 
of positive numbers such that, for some positive constant c, fi n > cn for 
every n. Then, for any f £ L p (dn a ), 

oo oo 

lim X>^(/)j«(z) = X>n^'*(z) 

r — >1~ — — 

n=0 n=0 

for every x E (0, oo). 

Proof. We make a slight modification of the proof of Lemma El For a given 
/ and every x £ (0, oo) fixed, let us take g r (n) = r^ n c°(/)j"(x). With this 
notation, Q shows that 

6+1/2 ( /2)2n 

(13) l»Wl^tV|/l»(*. ) r(a + L + 2 ) 
so, taking 

8+1/2 ( /2)2n 

(14) «M=°l/l^ r(a + k + a) 

we have |g r (^)| < #("-) for every r G (0, 1), and X^^o5'( n ) < 00 • Then, the 
dominated convergence theorem gives the result. □ 

Now, we can already state the following result: 

Theorem 6. Let a > —1 and po(a) < p < pi(a). Then, P r f and W r f 
converge almost everywhere to f when r —* 1~ for every f £ B Pi0l . 

Proof. Let V r denote either P r or W r . Theorem |I] shows that under these 
conditions, V r f — ► f in the L p (d/i Q )-norm. Consequently, there exists a 
subsequence {rj}^ such that V Tj f — > f almost everywhere. This, in con- 
junction with Proposition 12 proves the theorem. □ 

Finally, in a similar way to Theorem [51 we have 
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Theorem 7. Let a > — 1/2 and po(a) < p < p\{a). Then, lim,.^!- P r f = 
M a f and lim^i- W r f = M a f almost everywhere for every f S L p {dfjL a ). 

4. Applications 

4.1. Heat and Poisson equations. 

Theorem 8. Let a > — 1, po(a) < p < pi(a) and f be a function in 
L p (dfi a ). Then the functions w(x,t) = W e -tf(x) (see Theorem^) and 
u(x,t) = P e -tf{x) (see Theorem^) are infinitely differentiable in both vari- 
ables x £ (0, oo) and t £ (0, oo). They satisfy the differential equations 
(J^ + L a ) w(x, t) = and {jpi + u(x, t) = 0. Moreover, if f £ B Pt0l , 
the functions w and u are, respectively, the solutions of the initial value 
problems given by the above differential equations with the initial condition 
w(x,0) = f(x) and u(x,0) = f(x). 

Proof. As a direct consequence of Lemma |3] we get the differentiability of 
the functions w(x,t) and u(x,t). Hence they satisfy the corresponding dif- 
ferential equations. In order to finish the proof we use Theorem El □ 

4.2. Fractional integral and potential spaces. Let us consider the frac- 

\ /O 

tional integral of order A > 0, L a , given by (j2J and ©• This operator 
can be defined also by 

oo 

L^ 2 f = Y,4^ + 2n + l)- x j^. 

k=0 

— A/2 

By using Lemma 1 we can obtain the boundedness of the operator L a for 
some values of A depending on a and p. However, as we show now, Theo- 
rem |21 and the representation formula allow us to prove the boundedness 

— A/2 

of the fractional integral L a on L p (d/j ia ) for every A > 0. 
After the change of variable r = e _t , formula becomes 



HEAT AND POISSON SEMIGROUPS FOR FOURIER-NEUMANN EXPANSIONS 15 



(remember that, as usual, we still write P r instead of -P_i og r)- 



Theorem 9. Let a > — 1 and po(a) < p < pi(a). Then, for every A > 0, 
we get 

\\ L a X/2 f\\LP{d^i a ) < C\\f\\ LP ^ a ) 

with a constant C = C(p, a, A) independent of f . 

Proof. The boundedness of the Poisson semigroup (Theorem |2j) gives 

If 1 dr 

\\L- X/2 f(x)\\ LPid , a{x)) <f^J Q WPrmilLPid^i-logr)*- 1 - 

f' 1 dr 

<C\\f(x)\\ LP{d ^ ix)) / r^-logr)^ 1 - 
Jo r 

<C'\\f(x)\\ LP{dfla{x)) . □ 

The above theorem has the following consequence. For a > — 1 and s > 
define, as usual, the potential space C p s , a by (see (Zj) 

£?,a = { / : 3 S G LP(dfi a ) such that L^g = f } = L- S / 2 (L^ Q )) 
with the norm ||/||£§ a = \\g\\Lv(du a )- Then, for p (a) < p < pi(a), 
ll/IUp(d/i a ) = ll^a slliP^Ma) < CUsIIlp^) = C||/ll£f iQ 
and so £s,a C L p (dfi a )- 
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